e + e − → W + W − is an integral part of the global precision analysis program which is becoming more relevant after the discovery of the Higgs boson. We analyze the current situation of precision calculations of inclusive e + e − → W + W − observables, and study the prospects of incorporating them into the framework of global precision electroweak analyses in light of per-mil-level cross section measurements at proposed future facilities. We present expansion formulas for the observables, making the dependence on the inputs clear. Also, the calculation of new physics effects is demonstrated in the effective field theory framework for universal theories. We go beyond the triple-gauge-couplings parametrization, and illustrate the complementarity of e + e − → W + W − and other precision data at the observables level.
of all the strong constraints on new physics from precision electroweak studies. Second, it has been realized that in the effective field theory (EFT) framework, which is the only consistent model-independent approach to new physics with minimal assumptions [14] [15] [16] , it is important to use a complete operator basis [10, 12, [17] [18] [19] . Therefore, previous EFT calculations of precision electroweak observables should be recast into a uniform framework for a global analysis. In this context, a crucial role is played by e + e − → W + W − . Despite the lower experimental precision compared with the most precisely measured observables, e + e − → W + W − offers a unique window to test the SM and probe new physics effects due to its sensitivity to triple-gauge couplings (TGCs) which are difficult to access otherwise.
On the other hand, precision studies of W -pair production are important in their own right. Such studies have been carried out for e + e − collisions at LEP2 [20] [21] [22] [23] , for pp collisions at the Tevatron [24] , and more recently for pp collisions at the LHC [25, 26] . The clean experimental environment at LEP2 allowed e + e − → W + W − cross sections to be measured at the ∼ 1% level up to √ s = 207 GeV, and agreements were found with SM predictions with a similar precision [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Historically, analyses have been done in the language of TGC parameters [39] . In this context, LEP2 data still provide the most stringent constraints on anomalous TGCs, with LHC measurements just starting to become competitive 1 . Future high-luminosity e + e − colliders, operating at center-of-mass energies from W + W − threshold up to 1 TeV or even beyond, will enable per-mil-level cross section measurements in a wide range of √ s and push the precision frontier on e + e − → W + W − studies much further [45] [46] [47] [48] [49] . Accordingly, progress has been made after LEP2 on precision calculations toward the per-mil precision goal [50, 51] . The promising experimental progress calls for reassessment 1 The W γ and W Z channels are also studied at the LHC to put limits on anomalous TGCs [40] [41] [42] [43] [44] .
of the role of e + e − → W + W − in the precision program, both as a consistency test of the SM and an indirect probe of new physics.
In this paper, we revisit the calculation of several e + e − → W + W − observables, both in the SM and in the presence of new physics, in the expansion framework of Ref. [52] . From the point of view of testing the SM, at present our best knowledge of the compatibility of the electroweak SM with data comes from global analyses of Z-pole observables and m W , all of which have been very well-measured [53, 54] and precisely-calculated [55, 56] ; see e.g.
Refs. [9, [56] [57] [58] [59] [60] approach. We will focus on an important class of new physics scenarios, the so-called "universal theories" [61] , for illustration. The results will be presented in a way that allows other precision constraints to be easily incorporated. Many previous studies used the reported experimental values for the TGCs to constrain the EFT parameter space, but there is a caveat related to the assumptions made when extracting the TGCs [13] . In this regard, Ref. [13] refers to the TGCs as "constructed observables", and points out that extreme care must be taken when relating constructed observables to EFT parameters. Here we take a different approach by working with well-defined physical observables which are free from such subtleties. A similar analysis has been done in Ref. [62] without discussing the interplay with other precision measurements.
We will begin in Sec. II by defining several e + e − → W + W − observables and reviewing their calculations in the SM. Sections III and IV are devoted to the SM and new physics aspects of precision analyses mentioned above, respectively. In Sec. V we conclude.
II. OBSERVABLES AND STANDARD MODEL CALCULATIONS
At leading order (LO), the process e + e − → W + W − is calculated in the SM from the s-channel Z/γ exchange and t-channel neutrino exchange diagrams, known as the CC03 diagrams [21, 22] . Some LO results that will be used later are collected in Appendix A.
However The e + e − → W + W − observables we consider are the polarized total cross sections σ L , σ R , defined as the cross sections with left-or right-handed incoming electron and unpolarized incoming positron. From these, the unpolarized total cross section
and the left-right asymmetries
can be derived. A LR may be more convenient than A LR because the latter is very close to 1. We will focus on these inclusive observables without applying kinematic cuts 2 . Other observables can be extracted from differential distributions, which can presumably be distorted by new physics effects. For example, the forward-backward asymmetry defined for the outgoing W − is often considered; see e.g. [62] for an EFT study of differential cross sections at LO. However, once nonfactorizable radiative corrections and off-shell effects are taken into account, experimental subtleties arise related to the kinematic reconstruction of W ± from the 4f final states, which should be carefully studied and is beyond the scope of the present paper.
The state-of-the-art calculations of e + e − → W + W − cross sections in the LEP2 era incorporated O (α) radiative corrections in the double-pole approximation (DPA), and were implemented in dedicated programs RacoonWW [27] [28] [29] [30] [31] [32] [33] and YFSWW3 [34] [35] [36] [37] [38] . Later the complete O (α) radiative corrections were calculated for the four-fermion final states
µ and udsc [50, 51] . However, the latter calculation is not yet available as public codes. So for the purpose of illustration we will present the results as calculated within the DPA implemented in the program RacoonWW [33] . The unpolarized total cross section in the DPA agrees with the complete O (α) result within 0.3% for √ s from 200 GeV to 500 GeV [50] . To achieve better precision suitable for studies at future colliders, the results presented here are expected to be updated once more up-to-date codes become available. We also remark that to achieve better-than-per-mil accuracy, even the complete 
whereδ
is the fractional shift of the input observable O i with respect to its reference value, and
represents the resulting fractional shift of the output observable O i calculated in the SM.
The superscript "SM" in Eq. (4) indicates that the shift can be associated with adjusting the SM Lagrangian parameters, which should be distinguished from corrections due to new physics; cf. Eq. (22) . These expansion coefficients characterize the parametric dependence of the calculated observables on the input observables, as long as the expansion up to first order is adequate. This is the case for most practical purposes now that the mass of the Higgs boson is known to subpercent level, and so all |δ SM O i | have to be much smaller than unity.
The standard set of input observables commonly adopted in precision electroweak analy- 
and then transform the results into the standard basis
The SM predictions for the observables take the following forms in the two basis:
The transformation from the c i,i coefficients to the d i,i coefficients
can be derived similarly as in Section 3.4 of Ref. [52] .
We adopt the following reference values for the input observables:
These, according to the formulas presented in [52] , correspond to
The final results of the SM predictions for the five e + e − → W + W − observables are the expansion formulas Eqs. (8) and (9), with the reference values and expansion coefficients listed in Tables I and II , respectively, for the benchmark center-of-mass energies √ s = 200 GeV, 500 GeV. The error bars quoted contain (possibly overestimated) Monte Carlo (28) A LR 0.987544 (7) 
be used in Eq. (9).
errors only, while truncation errors from numerical differentiation are expected to be smaller.
Further technical details of the calculation can be found in Appendix B.
To get an idea of the size of O (α) radiative corrections, as well as the dependence on √ s beyond the two benchmark choices, we show in Fig. 1 the comparison of the numerical results in Table II with LO results as functions of √ s for the two observables σ L and σ R .
The latter can be easily calculated analytically; see Appendix A. Only The results in Tables I and II reflect the accuracy implemented in RacoonWW, namely up to O (α) (with respect to LO) and within the DPA. They are expected to be updated in the future. However, even at present, these finite-accuracy expansion formulas are useful for the purpose of having a picture of parametric dependence and an estimate of parametric uncertainties, i.e. uncertainties from the input parameters (observables). With the experimental uncertainties of the input observables taken from Ref. [52] ,
the fractional parametric uncertainty in O i from input observable O i is easily obtained by
The results for ∆ i,i are listed in Table III for two representative observables σ R and σ.
The parametric dependence and uncertainties for e + e − → W + W − observables are usually not discussed in the literature, but they provide important information if we put these observables into the broader context of precision electroweak analyses. In particular, a global χ 2 fit is dominated by observables for which experimental and theoretical uncertainties 
small. Then the output observables are calculated as follows:
In Eq. We will apply this formalism to a popular class of new physics scenarios, the "universal theories", and investigate their effects on e + e − → W + W − . Universal theories are defined by the assumption that new vector states, if there are any, couple to SM fermions only via the [61] . In other words, it is assumed that the only gauge interactions of the SM fermions, apart from QCD, have the form Higgs models and some extra-dimension models) can also be cast into this form [61] .
If we further assume that the scale of new physics Λ is somewhat higher than √ s (which is well-motivated for √ s < ∼ 500 GeV given the non-observation of particles beyond the SM so far, though the situation might change), their effects can be parametrized modelindependently by an EFT,
where 
We have adopted the notations in Refs. [10, 12] , and follow the conventions of Peskin and
Schroeder [66] where 
Other operator bases, such as the one in Ref. [17] , trade some of the bosonic operators for those involving fermions via field redefinitions (or equivalently, equations of motion), which makes the definition of universal theories less transparent. We will keep all the operators above in the calculation, so that the final results can be easily adapted to and interpreted in different bases.
B. Calculation of new physics effects
There are five aspects of the SM calculation of e + e − → W + W − polarized cross sections σ L,R that are affected at LO by the operators listed above.
• Modifications of V W W vertices (V = Z, γ). Assuming on-shell W + W − , the vertex functions, defined by the Feynman rules
can be parametrized by q 2 -dependent form factors [39] 
There are additional form factors if C and/or P violation is allowed, but these do not interfere with the LO SM contribution and are thus not considered here. In the EFT, the form factors read
where
are the commonly-used anomalous TGC parameters. We have rescaled the gauge fields W a µ , B µ to have their kinetic terms canonically normalized, and simultaneously rescaled g, g so that gW a µ , g B µ (and hence the gauge interactions of the fermions) are unchanged 4 . The weak mixing angle is redefined accordingly to retain
, and the mass eigenstate fields are still defined by
µν , on the other hand, is not rotated away, which leads to noncanonical normalizations for Z µ , A µ , as well as kinetic mixing.
• Corrections to the s-channel Z/γ propagators. These can be viewed as corrections to the external leg of the V W W vertices:
4 This is possible at the dimension-six level in the EFT because the kinetic terms for W ± µ and W by the same factor. In other words, dimension-six operators do not generate a nonzero U parameter. (48) and (49) are equivalent to an additional contribution to the form factors:
where the subscript "se" stands for "self-energy".
• Shifts in m W which enters the kinematics. With the Higgs VEV rescaled to leave the W boson mass term
where m W should be understood as a shorthand for gv 2
. We emphasize that this step is essential regardless of whether m W is in the input observables set because the direct new physics corrections ξ σ L,R are defined with respect to the Lagrangian parameters (there are cancellations between direct and indirect contributions if m W is an input observable). There are also shifts in m Z , but these are already contained in the propagator corrections calculated above.
• The W ± field strength renormalization factors. The cross sections are simply rescaled.
• Indirect contributions via shifts in the input observables. Using the input observables set {m Z , G F , α}, we have
Assembling all the pieces, we arrive at the final result
Explicit expressions for σ L,R and
Λ 2 α corrections, we can trade the parameters in the final result of the calculation for the input observables {m Z , G F , α} through LO relations, and use the LO results for d σ L,R ,i (see Fig. 1 for the size of NLO corrections to d σ L,R ,i ). Numerically, using the reference values listed in Section III for the input observables, we obtain, for
and for √ s = 500 GeV,
We have also shown the new physics contributions to the unpolarized cross sections in the equations above, which are directly calculated from
The results for the left-right asymmetries are derived from
and will not be listed explicitly.
C. Interpretation of results
To interpret these results, namely to see the role played by 
We have adopted the definitions in Ref. [16] , which differ from Ref. [61] by sign. In universal theories, these four parameters are sufficient to describe the Z-pole data at LEP1, m W measurements, and e + e − → ff data at LEP 2 [61] . Each of them is constrained at the 
It should be noted that the coefficients ofŜ in these equations are not unique, as they depend on the choice for the other two combinations among c W B , c W , c B . Our choice is motivated by the observation that in weakly-coupled new physics scenarios, O W and O B are "potentialtree-generated", while O W B is "loop-generated" [10, [69] [70] [71] [72] [73] 
V. CONCLUSIONS
Precision electroweak analyses will continue to contribute to our understanding of Nature in the post-Higgs-boson-discovery era. A truly consistent approach to precision analyses, both as a consistency test of the SM and as an indirect probe of new physics, requires not only the experimental and theoretical precision, but also the dependence of the calculation on the input observables to be well understood. Though in many cases parametric dependence is insignificant compared with experimental and theoretical uncertainties, it should not be taken for granted that it will remain so, especially when the projected experimental precisions greatly exceed the current ones. Instead, careful justification is needed.
In 
are used to calculate the partial derivatives involved. For σ R , just drop the terms with s 2 θ . It is understood that any dependence on the calculational inputs in the final results should be traded for the three input observables, which can be done at LO, before numerical values for the input observables are plugged in. These LO results for the expansion coefficients are also used for comparison with the results from RacoonWW in Fig. 1 .
It is shown in Sec. IV that a large part of new physics effects is effectively characterized by the form factors defined in Eq. (39) . The partial derivatives Among the five observables introduced in Sec. II, only two are independent, which we choose to be σ and σ R for the present calculation. The reference values and expansion coefficients for the other three observables can be derived from those for σ, σ R as follows: 
We use the RacoonWW package to calculate e + e − → udµ −ν µ cross sections σ, σ R , adopting the recommended choices for the switches in the input file but removing all separation cuts. The program is run multiple times with shifted input observables before the expansion coefficients c i,i are calculated by the finite difference method, Tables I and II are likely to be more robust than the error bars suggest.
